
Lecture 12. 4 juin 2015 D

Recall : (X , gTX) oriented Riemanian manfold
CCTX) rector bundle of Clifford Algebra.
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Proof of Pop : m = diminX
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Theorem (Spectral Theory of DE) : Assume X opt . ⑤5
cerator

,

that is
① DE is Fredholm of

KerDE & CokerDE are finite divensional

Rak : DE = DonCEl = CY(X ,El c[(X , El -> EX , El
unbounded Conear operator.
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a complete
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,
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Spec(DEP) = 3 eigenvales of finite multiplicities]
③ Elloptiaty of DDEP => each: /X , El
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KEY pt : soboler embedding Thm & Elloptic estimates

CDDER + 1)-7 is a compart linear operator
o [IX ,
El

E Spin structure and spin manfold.
G (compact) hie group.

Lef (G- Pronopal bundle) A principal bundle 4

on X with structure group G is a fber budle P with

a right action of G on the fibers
,

that is
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In the case P/GEX.
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E- X slex restor burdle of rk = rzamples : D cory
GLIE -> X frame bundle of E
Vx = X
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② Given LE Herritian meting on E
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.
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Rop : (X , gTX) orented Riem ofe

SO(XIx : = oriented zometries from CIRMEve
to (TXX , g*(

Then SO(X) is a SOcm)- proopal bundle on X
Moreover

+X = SONX) XsocmyRm
(p , r) ~/pg ,

gt .r/ FgE SO cM
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Lef : A spin
structure on orented (X , gTX1 is

a Spirim)-promopal bundle Spin() S .t

TX = Spin(X) XSpincm) RRM
where Sprim) t IRA by 21 avat.

Note : + : Spinim -> SOcul double covering
M (M =2)

Spincms AIR

= via f , SOCMI ARM
So

SO(X) = Spm(X) Xsponcul
SOCM)

= Sym(X) -> SO(X) double covering

Let : If Spm(X) exists
,
we call X a Spir

manifold.



⑧
There : An orented mifd X has a spin structure
-

of and only of W2(X) =0 EH(X , E2l,

where wa(X) denotes the second Stiefel-Whitney
class.

Different spin structures
=18( ,E2)

&

Examples : S
Spin : Riemanunfaceofgene Cala-a
Not spin : <1P2 (n22)

When X is open ,
we have

spinor
bundle (SITX1

,
LSTX)

and even-dimensional m=even

Spin(m) A (SF
,
LS7) unfang

SiXI = Spu(X)X apminy
SE E-graded

us >hSTXI difford module.


